ABSTRACT. The limiting behavior of the unique solution to the scattering problem for the Maxwell equations with a Leontovich boundary condition in an inhomogeneous medium as the impedance goes to zero is investigated. Making use of a Hodge decomposition lemma, it is shown that the Leontovich boundary condition leads to a singular perturbation problem for only the scalar unknown in the Hodge decomposition of the magnetic eld. The use of higher order nite elements is then necessary to achieve a su cient accuracy of this quantity.
INTRODUCTION
A lossy body composed of a material whose permittivity and permeability may vary as a function of position is immersed in bounded dielectric object and illuminated by an electromagnetic eld. At high conductivity, the lossy dielectric body can be replaced by a Leontovich boundary condition applied at its boundary. This approximate boundary condition provides an approximate relationship between the electric and magnetic eld on the boundary of the high conducting body. We refer to our paper 2] for a formal derivation of the Leontovich boundary condition by the well-known two scale asymptotic expansion method.
Our main purpose in this paper is to show how this widely used approximate boundary condition yields to a singular perturbation problem for the Maxwell equations. A speci c numerical treatement is then required to achieve a su cient accuracy. In analyzing this singular perturbation problem, we also provide a new variational proof of the existence and uniqueness of solutions to the impedance boundary value problem for the time harmonic Maxwell equations in an inhomogeneous medium. These existence and uniqueness results generalize those of Colton and Kress 5] and Kirsch and Monk 6] .
We shall brie y outline the remainder of this paper. The notations are introduced in section 2. In section 3 existence and uniqueness results for the Leontovich boundary value problem for the time-harmonic Maxwell equations are proved by making use of a Hodge decomposition of the magnetic eld. Section 4 is devoted to prove the convergence result and to construct the complete asymptotic expansions. The main result in this section is that the Leontovich approximation leads to a singular perturbation problem for only the scalar unknown in the Hodge decomposition of the magnetic eld. The use of higher order nite elements is then necessary to achieve a sufcient accuracy of this quantity. The computation of the vector unknown does not require the use of such higher order nite elements. A similar program was carried out by the authors in 2] for the Leontovich boundary value problem for the Maxwell equations in a homogeneous medium. For this problem, we have employed representations of electric and magnetic elds to reformulate the scattering problem as an integral equation over the scattering surface and represent the elds in terms of the tangential component of the magnetic eld. By making use of a Hodge decomposition of the tangential component of the magnetic eld which is the unknown, we have proved that the Leontovich approximation leads to a singular perturbation problem for only of the surface divergence of the tangential component of the magnetic eld . Its numerical computation requires then the use of higher order nite elements to achieve a su cient accuracy. If the medium is homogeneous we can use the present variational approach as well as our integral one developped in 2]. It turns out that in this case the Laplace-Beltrami operator of the scalar unknown (the quantity which appears in the present approach) is the singular part of the surface divergence of the tangential component of the magnetic eld (the quantity which appears in the integral approach). The present work may be considered as a generalization of the authors results to the case of an inhomogeneous medium.
NOTATIONS
Let i be a bounded domain in I R 3 and let e be the complement of i in I R 3 . The boundary ? of e is assumed to be of class C 3 . This assumption is essential to treat our singular perturbation problem. Extension of the present analysis to the case of nonregular boundaries is a nontrivial task.
By n we denote the unit normal to ? directed into e . We consider the scattering problem in the domain e characterized by its electric permittivity ", and its magnetic permeability . We assume that the functions " and are in C 2 ( e ). We also assume that <e " > 0 and <e > 0 and there exists a constant R such that outside the ball B R , " = " 0 
the Silver-M uller radiation condition and the boundary condition:
?E ? + i z H ^n = g on ?; (2) where ! is the frequency of the incident elds, g is a given tangential eld on ? and is a strictly positive constant. The parameter is of order of 1= p where is the conductivity of i and the function z is its impedance.
EXISTENCE AND UNIQUENESS RESULTS
The purpose of this section is to provide a variational proof of the existence and uniqueness of a solution to the Leontovich boundary value problem for the time-harmonic Maxwell equations in inhomogeneous media. Our proof which is to use exact nonlocal boundary conditions on the sphere S R is closely related to that of Kirsch and Monk 6].
THE EXTERIOR ELECTROMAGNETIC OPERATOR
In this subsection we shall give a brief summary of the properties of the exterior electromagnetic operator mapping the tangential eldx^H on S R ontox^E on S R . 
We have the following lemma. 
UNIQUENESS RESULT
We shall give a uniqueness result for the impedance boundary value problem for the Maxwell equations an inhomogeneous medium. We have the following result. 
Integrating by parts the equation (1) 3 . This ends the proof. 2 Next we proceed to reduce the impedance boundary value problem (1)? (2) to a system of two coupled variational equations. By simply using the above Hodge decomposition and integrating by parts we obtain the following lemma.
LEMMA 3. (1) with the boundary condition (2). Now we are in position to prove the main result of this section. We shall show that the variational system (9) has a unique solution in IH div ( R ) IP( R ) by applying the Fredholm theory. This generalizes the existence and uniqueness results obtained for the impedance boundary value problem for the homogeneous Maxwell equations by Colton 
Now, using the inequality
<e(a 0 (u; u) + a 1 (u; u)) (12) together with (11), we can conclude that the Fredholm alternative holds for the bilinear form a 0 (u; u) + a 1 (u; u) de ned over IH div ( R ) IH div ( R ). (1)? (2) is uniquely solvable, Lemma 3.5 gives the claim. 2 
ASYMPTOTICS OF THE SOLUTION
Our purpose in this section is to give a complete asymptotic analysis for the system of variational equations (9) when the parameter goes to zero. This section is organized as follows. In a rst step, the convergence result is proved. Then if the data g 0 = lim !0 g in TH ?1=2 (curl; ?) is more regular, we estimate the rate of the convergence. The nal step is devoted to the construction of the complete asymptotic expansions of u and p .
CONVERGENCE RESULT
We rst state the main result of this subsection. We shall prove the following theorem. 
CONCLUSION
We shall make the following conclusions on the use of the Leontovich approximation in electromagnetics. We have proved that the Leontovich boundary value problem for the time harmonic Maxwell equations (1) ? (2) in an inhomogeneous medium leads as in 2] to a singular perturbation problem. If we are interested in the numerical computations of the magnetic eld H the use of higher order nite elements is necessary to achieve a su cient accuracy of the quantity p . Our variational formulation (9) does not yield to a nice numerical result for the scalar unknown p since we have to approximate it in the Sobolev space IP( R ) and not in H 1 ( R ). The computation of the quantity u does not require the use of such higher order nite elements.
